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Abstract

The effects of variation (in the transverse direction) of permeability and thermal conductivity, on fully developed
forced convection in a parallel plate channel or circular duct filled with a saturated porous medium, is investigated
analytically on the basis of a Darcy or Dupuit—Forchheimer model. It is shown that the Dupuit—Forchheimer
problem reduces to the Darcy problem with a changed permeability variation. The cases of isoflux and isothermal
boundaries are treated in turn. The bulk of the results pertain to a two-step variation, but the case of a weak
continuous variation is also considered. The results for the parallel plate geometry and for the circular duct
geometry are qualitatively similar. The replacement of isoflux boundaries by isothermal boundaries leads to a
reduction of Nusselt number but otherwise there is little change in the pattern. The results demonstrate that the
effect of permeability variation is that an above average permeability near the walls leads to an increase in Nusselt
number, and this is explained in terms of variation in the curvature of the temperature profile. The effect of
conductivity variation is more complex; there are two opposing effects and the Nusselt number is not always a
monotonic function of the conductivity variation. © 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction deals with global heterogeneity effects (as distinct
from channeling effects due to the variation of per-
meability near walls). The present paper is designed
to fill this gap in the literature. There are a number
of cases of interest. First we concentrate on the
case of a channel confined by parallel plane walls,
and later change the geometry to that of a duct of
circular cross-section. For each geometry, we con-
sider first the case of isoflux boundaries (i.e. with
the heat flux held constant at the boundaries) and
then the case of isotemperature boundaries. For
each type of boundary condition we consider in the

The problem of forced convection in a porous
medium channel or duct is a classical one (at least
for the case of slug flow (Darcy model)). There has
recently been renewed interest in the problem
because of the use of hyperporous media in the
cooling of electronic equipment. In their recent sur-
vey of the literature, Nield and Bejan [1] refer to
over 30 papers on this topic, but none of them

* Corresponding author. Tel.: +1-919-515-5292; fax: +1-
919-515-7968.
E-mail address: avkuznet@eos.ncsu.edu (A.V. Kuznetsov).

main a situation where the variation of permeability
and thermal conductivity is piecewise constant, with
two steps (see Fig. 1), and supplement that by an
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Nomenclature

Forchheimer coefficient
ceK —1/2

specific heat at constant pressure
Darcy number
Forchheimer number
applied pressure gradient
half channel width
thermal conductivity
mean value of k

k/k

permeability

mean value of K

K/K

cL/cL

Nusselt number

SRR R T = Q 3 gé\ S5

g

heat flux

w*/GH ?

velocity

u* /U

mean velocity
temperature

bulk mean temperature
wall temperature

(T* - Tw)/(Tm - w)

<

ﬂﬂq:):*:
3 *

~H

Greek symbols
e, ex coeflicients defined in Eq. (19)

p density
u fluid viscosity
4 dimensionless coordinate defined in Fig. 1

analysis for the situation where the variation is
weakly continuous, i.e. the variation is continuous
but slow so that a perturbation approach is appli-
cable.

The analysis in the present paper is restricted in two
ways. Firstly, we consider only the case where the vari-
ation of permeability and conductivity is symmetric
with respect to the midline of the channel or duct. In
the case of the plane channel, the more general case is

isoflux or isotemperature boundary

(a)

(b)

Fig. 1. Definition sketch: (a) parallel plate channel; (b) circu-
lar duct.

of considerable practical interest, but as soon as the
symmetry is broken then for practical application one
needs to examine a situation for which the heating at
the walls is also asymmetric. This is a complex situ-
ation that so far has received little attention [2].
Accordingly, we leave this general case for a later
report. (A preliminary analysis has shown us that the
symmetric variation is in some ways of more scientific
interest than the asymmetric one, because it highlights
the subtle effect of property variation with distance
from the wall.)

Secondly, the analysis in the present paper is
restricted to the Darcy model or the Dupuit—Forchhei-
mer extension of that model. (As we show in the next
section, we can, for the cases in which we are inter-
ested, reduce the Dupuit—Forchheimer problem to the
Darcy problem.) The Brinkman model, as employed
for the case of a homogenous porous medium by
Kaviany [3], Cheng et al. [4], Vafai and Kim [5], and
Nield et al. [6], leads to very complicated analysis for a
heterogeneous medium, so we leave this for a later
report.

2. Analysis: parallel plate channel

2.1. Basic equations

We allow the permeability K and the thermal con-
ductivity & to be non-uniform in space, and define

I%: =, ]g: =, (1)

where an overbar denotes a mean value taken over the
volume occupied by the porous medium.
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For the steady-state fully-developed situation we
have unidirectional flow in the x*-direction between
impermeable boundaries at y* = —H and y* = H, as il-
lustrated in Fig. 1(a). We assume that K and k are
functions of y* only. The steady-state Dupuit—
Forchheimer equation is

w*

o T, @)

G=

where the coefficient ¢ is related to the Forchheimer
coefficient cg used in [1] by

L = cgK 712 3)

We define dimensionless variables

K k

y pu

The dimensionless form of Eq. (2) is
u 1
KLFrDa LFr

Here the Darcy and Forchheimer numbers are defined
by

K aLpGH*
Da = m, Fr= T, (6a,b)
while
Y ¢ -
k=2 i=4 (7a,b)
K CL

where the bar denotes the mean value. If ¢ can be
taken as a constant, then

12 =12

L=K ""/K " dy. (3)

The positive root of the quadratic equation (5) is

1

o 1/2
U= —— —1+(1+41< LFrDa2> . 9)
2KLFrDa

The mean velocity U and the bulk mean temperature
Ty, are defined by

17 17
U=— * dy* Th=— *T* dy*. 10
HL u”dy”, F7iii JO u y (10)
Further dimensionless variables are defined by

This implies that

e (12)

J udy
0

In the Darcy flow case, corresponding to Fr—0, we
have

0=

i=K (13)

Comparing Egs. (12) and (13), we see that we can
regard the right-hand side of Eq. (12) (after the ex-
pression in Eq. (9) has been substituted) as an equival-
ent permeability variation function Keq. In other
words, the Forchheimer flow problem reduces to an
equivalent Darcy flow problem, with f(eq replacing K.
This means that in the remainder of this paper we can,
without loss of generality, concentrate exclusively on
the Darcy model.
The Nusselt number Nu is defined as

ZH({”

The thermal energy equation, when the Peclet number
is large so that axial conduction is negligible, is

AT k3T

=— —. 15
" ax* pcp 0 N (15)
2.2. Isoflux boundaries
Use of the first law of thermodynamics leads to
oT* dT, "
— =" 9 _ constant. (16)

ax*  dxr pc, HU

In this case the thermal energy equation may be writ-
ten as

a7 1

— =——Nuu. (17a)
v 2k

For the Darcy flow case this becomes

4’7 |

— =——=NuKk. (17b)
dy 2k

The boundary conditions on f"(y) are

d—T(o)zo, 7(1) = 0. (18)
dy

2.2.1. Continuous weak variation
We first consider the case where the permeability
and thermal conductivity distributions are given by
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_ A 1)}
k—ko{l-{—bk(H 3 .

The coefficients ¢x and ¢, are each assumed to be small
compared with unity. The mean values of K, k are
thus Ky, ko, respectively, and so

- 1
K=1+sK<|y|—§),

(19a,b)

~ 1

k=1+ 8k<|y| — E) (20a,b)
The velocity distribution is given by

A= 1

i=K=1+ex(1v1-3). @1

and Eq. (17) gives, to first order in small quantities,

aer 1 1
W:—ENU{I‘F(EK—C]()('—E)} (22)

The solution of Eq. (22) subject to the boundary con-
ditions in Eq. (18) is

T= —LNM{6(})2 — 1) + (ex — 8;()(2y3 -3+ 1)}

24
(23)
The determining compatibility condition is
l A
j uTdy=1. 24
0

Substitution of the expressions (21) and (23) into (24)
leads, to first order, to

1 1
Nu_6(l —I—ZaK— §9k> (25)

2.2.2. Stepwise variation
Suppose that

K=K, and k=k; for0< |yl <¢&H, (26a)

K=K, and k=k, forlH < |yl < H. (26b)
The mean values are given by

K=¢(K + (1=K,

k= &ky + (1 = &ka. (27a,b)

We write

_ K -k

K,’ = —_l and ki =—= fori= 1, 2. (28)
K k

The velocity distribution is given by

=Ky for0 <y <,

h=K foré<y<l. (29a,b)
We have now to solve the differential equations
d2 f] Nu 121
I S for0 <y < ¢,
dy? 2k
a’7 Nu K.
2_ MR foré <y <1, (30a,b)

dy? 2%
subject to the symmetry and boundary conditions

dTl

(0)_0 75(1) =0, (31)

and the matching conditions (for temperature and heat
flux)

a7 a7,

71(8) = T2(6), kl—(é) = kg—(@ 32)

The solution is

ﬁ:“{’%tﬁ)

4 |k
Bae-2en)+ 22 2¢+1)}
kz 2
= ]Z”{k(l—zuzzy v+ %(26—2@)}.
2

(33a,b)
Substitution into the determining compatibility con-
dition
(I & o
JﬁTd}’:Jl)]T]dy-FJ flzngy:l (34)
0 0 ¢

then yields the Nusselt number expression,

~2 ~2 - o~
+382(1 —é)— 3¢ - o2 Rk

Nu—6/{é3

2
1—¢&y°=2¢. 5
+( c)k} (35)

2
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For the homogeneous case, 121 = 122 = 151 = 152 =1,
this expression reduces to Nu =6, independent of the
value of ¢, as expected.

2.3. Isotemperature boundaries

For the case where the wall temperature Ty, is held
constant, Eq. (17) is replaced by

d27 1 .
L — ——_NuaT. 36
dy? 2k (36)

The boundary conditions, Eq. (18), remain unchanged,
but the compatibility condition is replaced by

Nu=—29T), 37)
dy

2.3.1. Continuous weak variation
Egs. (19)—(21) are pertinent. In place of Eq. (22) we
now have

d2f—- 1 1 A
E:_ENu{l+(*31<—m»)<y—5>}T- (38)

This is to be solved subject to the boundary conditions
(18). We proceed to make a perturbation expansion in
terms of the small parameter ¢ = ¢x — ;. We let

f:To-}-ST}ﬂ-SZTz-}-..., (393)

Nu = Nug + eNuj + ¢>Nuz + ... (39b)

The order-zero problem is

d>Ty 1
dyz = —ENMQT(), (40a)
dT,
=20 =0, Tp(1) =0,
dy
(40b)

T
Ny = —2320(1).

dy
The solution is
Ty = gcos %,

2

Nuy = — (41a,b)

The order-one problem is

d’T, 1 1 1 ( 1)
e NuTy — =N Ty — = i
a2 2NM0 1 2NM1 0 2NM0 y=35 )T
(42a)
dTr
=0, T()=0,
dy
(42b)
T
Ny = 230 ),
dy
Eqgs. (41a,b) and (42a) lead to
a’1,  n?
—T
dy? + 4!
7w Nuy ny n?< l> ny
= 4 cos 3 g 5 cos 5 (43)

The right-hand side of Eq. (43) must be orthogonal to
Ty, and this implies that

Nuy = 1. (44)
From Egs. (39b), (41b) and (44) we have, to first
order,

2 2
Nu:%{l—l—p(ek—sk)}. (45)

2.3.2. Stepwise variation
Eqgs. (26)—(29) are still pertinent, but instead of Eq.
(30) we now have

a7 A
dyzl :—/112T1 for0 <y < ¢,
de\'vz 24
e =—-AT, foré<y<l, (46a,b)
y
where
AN
x,-:( ”) , fori=1,2. (47)

The solutions of Eq. (46a,b) satisfying the boundary
conditions (18) are

fl = Ajcos L1,

T2 = Azsin 22(1 — y) (488.,b)

The continuity of temperature and heat flux at the
interface y = & then implies the matching conditions
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Ajcos A& = Aasin Ap(1 = &), (49a)

kA1 Aysin A1 € = kadp Ascos Jx(1 — €). (49b)

The condition that Eq. (49a,b) have a non-trivial sol-
ution is that
kaia
tan 2, ¢ tan Ap(1 — &) = —. (50)
k[/Ll

In view of Eq. (47), this equation may be regarded as
an eigenvalue equation for Nu. As soon as the value of
Nu has been found, the compatibility condition gives

Nu

Ay = 2
2Ty

(51
and then either Eq. (49a) or Eq. (49b) gives A to com-
plete the solution.

In general, Eq. (50) must be solved numerically. For
the homogenous case, K =K, =k =k, =1, one can
check that 11 = A, = n/2 makes Eq. (50) an identify in
£, so that Nu=n?/2 and 4| = A, = n/2 and so

T= =cos =, (52)

as expected.

3. Results and discussion: parallel plate channel
3.1. Weak continuous variation

Immediately from Egs. (25) and (45), we can see the
prime effects of permeability variation and conductivity
on the Nusselt number. If the permeability is above
average in the region adjacent to the wall (and conse-
quently is below average in the mid-channel region), so
that ¢ is positive, then the Nusselt number is thereby
increased. The analysis shows that this can be
explained as follows. The definition (14) shows that Nu
is inversely proportional to the difference between the
bulk mean temperature 7, and the wall temperature
Ty. When the velocity is changing only slowly with the
coordinate y* the bulk mean temperature is approxi-
mately equal to the ordinary mean temperature. As a
consequence, Nu 1is approximately inversely pro-
portional to the area under the temperature profile, a
curve such as that illustrated in Fig. 3. The per-
meability variation enters through Eq. (17b). This indi-
cates that the curvature of the temperature profile is
proportional to the permeability. The greater the cur-
vature, the less the area under the profile. A short cal-
culation shows that the curvature near the wall (large
y) is more important than that in mid channel (small

y). It follows that an above average permeability near
the wall leads to a smaller area under the temperature
profile, and hence to a larger value of Nu.

Also from Eqgs. (25) and (45) we see that the prime
effect of thermal conductivity variation is in the oppo-
site direction to that of permeability variation. An
above average conductivity near the wall leads to a re-
duction in Nu. Again, this may be explained in terms
of variation of the curvature of the temperature pro-
file, arising from the fact the in Eq. (17b) the conduc-
tivity appears in the denominator, rather than the
numerator, of the right-hand side.

A comparison of Egs. (25) and (45) indicates that in
the case of isoflux boundaries the magnitude of the
proportional change in Nu resulting from a given pro-
portional change in permeability is twice the corre-
sponding change due to the same amount of change in
conductivity, but in the case of isotemperature bound-
aries the proportional changes in Nu are equal in mag-
nitude. Of course, the factor n2/2 = 4.93 that appears
in Eq. (45) is less than the factor 6 that appears in Eq.
(25), so that the change from isoflux to isothermal
boundaries leads to a gross reduction in the value of
Nu, and again this is explainable in terms of a change
in the curvature of the temperature profile. (Details of
the explanation were given by Nield et al. ([6], p. 211).

3.2. Stepwise variation

For the case of isoflux boundaries, and for the case
where ¢ =0.5 so that each medium occupies half of
the channel, plots of the Nusselt number Nu are dis-
played in Fig. 2. In accordance with the trend noted in
Section 3.1, Nu increases as K,/K, increases, because
above average permeability and hence above average
velocity near the wall leads to a smaller difference
between the bulk mean temperature and the wall tem-
perature. In contrast, the way in which Nu varies with
ky/ky is more complex. As k,/k, increases, Nu at first
increases but then goes through a maximum. It is only
at large values of k»/k, that Nu decreases as kj/k;
increases in line with the trend observed for the case of
continuous variation. Besides the effect of thermal con-
ductivity on curvature of the temperature profile, there
is an effect resulting from the change in slope of that
profile at the interface.

The difference between the effects of permeability
variation and conductivity variation is strikingly
shown in the plots of temperature profiles presented in
Fig. 3. Fig. 3(a) shows that in the absence of conduc-
tivity variation, the effect of increase of permeability
near the wall leads to profiles with larger mean values
but with continuously varying slopes. On the other
hand, the effect of conductivity variation leads to pro-
files having a discontinuity in slope, and whether this
leads to an increase or decrease in the value of the
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(a) 18| &05

Nu
=)

ko/k;=0.1

™

0 02 04 06 08

log;o(Ky/K;)

(b) 20

£=0.5

Nu
=)

Ky/K;=0.1

1 -0.8 -06 -04

0 02 04 06 08

logo(k,/ky)

Fig. 2. Nusselt number for the parallel plate channel with isoflux boundaries: (a) effect of permeability variation; (b) effect of ther-

mal conductivity variation.

mean temperature depends on the relative magnitudes
of slope increment and curvature variation.

The corresponding results for the case of isotem-
perature boundaries are presented as Figs. 4 and 5.
Compared with the isoflux case, the major change is
that, for most values of the permeability and conduc-
tivity parameters, the Nusselt number is reduced (and
the temperature profiles become more peaked), as
expected. The exception is when conductivity near the
wall is much less than average, and in this case the
Nusselt number is already small. The trends relating to
permeability and conductivity variation are similar for
the two types of thermal boundary conditions.

4. Analysis: circular duct
4.1. Basic equations

The analysis for the case of a circular duct follows
closely that for a parallel plate channel, so we can
omit some details. Fig. 1(b) is applicable. The bound-
ary is now at r* = R, and R replaces H as the length
scale used in dimensionless quantities. For example,
the Nusselt number is now defined as

2R "
Nu=-—"9 (53)
k(Tw - Tm)
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The mean velocity U and the bulk mean temperature
Ty, are now defined by

2 R
U= 2 L u'rt drt,

(54
5 (R
Tm:mjo W T*r* dr.
The thermal energy equation is
ATk [32T* 19T
SRR : (55)
ax* pep L or* r* or*

4.2. Isoflux boundaries

The first law of thermodynamics leads to

aT*
ax*

dTm  2q”
dx* pc, RU

= constant.

(56)

In this case the thermal energy equation may be writ-

ten as

>

2

T,
dr?

T 1.
— = —=Nuu.
r k

o

1
p

(a)

T
1
(b) £=0.5
08 K2/K1=I
’ k,/k;=0.1
0.6
>~
04 kz/k1=10
0.2
ko/k =1
00 0.5 1.5 2 25
T

(57)

Fig. 3. Temperature profiles for the parallel plate channel with isoflux boundaries: (a) effect of permeability variation; (b) effect of

thermal conductivity variation.
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The boundary conditions on T (r) are The mean values of K, k are thus Ky, ko, respectively,
R and so

ar A

d—(O) =0, (1) =0. (58) _ >
d K:1+8K<r—§>,

4.2.1. Continuous weak variation

We now consider the case where the permeability el 2 b
and thermal conductivity distributions are given by =lta\r=-3) (60a.b)
" e
K — Ko{l i EK("_ _ _) }) The velocity distribution is given by
R 3
- 2
i=R=1+u(r-3) (61)
2
k:ko{l—knk(——f)}. (59a,b) ) ) o
R 3 and Eq. (57) gives, to first order in small quantities,

(a)

Nu

log,((K,/K})

Nu

log,o(k,7ky)

Fig. 4. Nusselt number for the parallel plate channel with isotemperature boundaries: (a) effect of permeability variation; (b) effect
of thermal conductivity variation.
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47T 1dT 2 4 2
bl e e —e| r— 2 Nu=38[1+ —ex— — 65
a2 + pp Nu{l + (ex {Zk)(l 3)} (62) u ( + ISSK 158k) (65)

The solution of Eq. (62) subject to the boundary con-
ditions Eq. (58) is

- 1 4.2.2. Stepwi jation

Fe NG — D) 4 e — )@ — 62 +2) | .2.2. Stepwise variatior
36 { (ex k)( )} Suppose that
(63)
K=K, and k=k; for0 < |y <¢ER, (66a)

The compatibility condition is

L 1 K=K, and k=k, foréR < |yl <R 66b
Jﬁnm:i. (64) ’ ’ i (660)
0

The mean values are given by

Substitution of the expressions (61) and (63) into (64) _ 5 )
leads, to first order, to K=K + (1 - &)k,

(a)

(b)

Fig. 5. Temperature profiles for the parallel plate channel with isotemperature boundaries: (a) effect of permeability variation; (b)
effect of thermal conductivity variation.
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=%k + (1= k. (67a,b)
The velocity distribution is given by
=K for0<r<¢,
h=K foré<r<l. (68a,b)
We have now to solve the differential equations
d*7y 14Ty Nu K,

- — = = for 0

dr2+r dr ki ord<r<g,

d>7y 1 dT: Nu K.
EANT il B w2 foré <r <1, (69a,b)

dy?  r dr ks

subject to the symmetry and boundary conditions

dT‘ Co=o =0 (70)

and the matching conditions (for temperature and heat
flux)

a7 de

71(8) = T(8), kl—(:)—kz =(8). (71)

The solution is

s NulKin ooy K .
T1—4{/€1(é r)+/€2( 2¢%In ¢)

K
+ 2
2

—52+2¢21n¢+1)},

T = ]Z”{]Q (14+26%mr—r )—%(Zlenr)}.

(72a,b)

Substitution into the compatibility condition then
yields the Nusselt number expression,

2 2
K K
Nu=8/3&* 2L — 4 n e=L
/{é e e
T (42— aet 1 8ot o) B
2

~2

K
+ (1 — 482 43¢ — 4&* 5)]72 (73)
2

For the homogeneous case, Ki=K,=k =k, =1,
this expression reduces to Nu = 8, independent of the
value of £, as expected.

4.3. Isotemperature boundaries

For the case where the wall temperature T, is held
constant, Eq. (57) is replaced by

d®7T 14T 1 .
T + i —;Nu uT. (74)

The boundary conditions, Eq. (58), remain unchanged,
but the compatibility condition is replaced by

Nu = —2g(1). (75)
dr

4.3.1. Continuous weak variation

Eqgs. (59)—(61) are pertinent. In place of Eq. (62) we
now have
CT LTl e e
dr2 " r dr “ (Ex = )\ 3 '

o

The order-zero problem is

d2T, 1 d7T,
dr2 —+ ; di +NU()T() = 0 (773.)
T T
d 0(o) =0, T,(1)=0, Nuy= —2Q(1)
(77b)
The solution is
AV
7= ol f), (78a)
2;(7)
~2
Nug = 7. (78b)

The order-one problem is

d2T1+1dT1+N Ty = —Nuy Ty — N < 2>T
dl”z r o dr upl) = uylo U\ r 3 0>
(79a)
dr,
‘(0)_0 (1) =0, Nu= —2—(1) (79b)

The right-hand side of Eq. (79a) must be orthogonal
to Ty, and this implies that

! 2
J{NulT(f—l—Nuo(r—5)T§}rdr=0, (80)
0

and this gives



4130 D.A. Nield, A.V. Kuznetsov | Int. J. Heat Mass Transfer 43 (2000) 4119-4134

1
Jo Nuo(%r — ;’2)T02 dr
i . (81)

J rT ¢ dr
0

Nu1 =

By direct numerical integration one finds that Nu; =
1.403.

From Egs. (39b) and (78b) we then have, to first
order,

Nu = 5.783{1 +0.243(ex — &)} (82)

4.3.2. Stepwise variation
Eqgs. (66)—(68) are still pertinent, but instead of Eq.

(69) we now have

a1, 147, o, .
ot AT =0, fr0 <y <&,
a1, 14T

22_*_,72_*_122]“2:0, foré <y <1, (83a,b)
dy rodr
where

Nu k"

,1,.:< ‘l‘c ") , fori=1,2. (84)

The solutions of Eq. (83a.b) satisfying the boundary

(a)

Nu

-1 -0.8 -06 -04

-0.2 0

02 04 06 08

log;o(K,/K})

(b)

02 04 06 038

logo(k,/ky)

Fig. 6. Nusselt number for the circular duct with isoflux boundaries: (a) effect of permeability variation; (b) effect of thermal con-

ductivity variation.
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Fig. 7. Temperature profiles for the circular duct with isoflux boundaries: (a) effect of permeability variation; (b) effect of thermal

conductivity variation.

conditions (70) are

T = A Jo(hir),

Ty = Ax{ Yo(2)Jo(ar) — Jo(22) Yo(ar)}. (85a,b)

The continuity of temperature and heat flux at the
interface y = ¢ then implies the matching conditions

A1Jo(n &) = Ax{ Yo(ha)Jo(28) — Jo(2) Yo (228 }

Avky 20y (G €)

= Aokl { Yo(2)J1(32€) — Yo(h2) Y1(22€) ) (86a,b)

The condition that Eqs. (86a,b) have a non-trivial sol-
ution is that

J10018) [ Yo(2)Jo(72E) — Jo(22) Yo(A28) ] _ kaia
Jo(h ) [Yo(Ua)1(Aa8) — JoU) Y1(aE)]  kydy

(87)

In view of Eq. (84), this equation may be regarded as
an eigenvalue equation for Nu. As soon as the value of
Nu has been found, the compatibility condition gives

_ Nu
20| YoUa)1(22) — Jo(22) Y1(22)}

A, (88)

and then either Eq. (86a) or Eq. (86b) gives A; to com-
plete the solution.
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Fig. 8. Nusselt number for the circular duct with isotemperature boundaries: (a) effect of permeability variation; (b) effect of ther-

mal conductivity variation.

In general, Eq. (88) must be solved numerically. For
the homogenous case, K =K, =k =ky =1, one can
check that 4; = 4, = 2.40483 = 4 (the smallest positive
zero of Jy(x)) makes Eq. (87) an identity in &, so that
Nu = (2.40483)2 = 5.783 and

/1]0 (;LI)

j— Holar)
27, (7)

(89)

as expected.

5. Results and discussion: circular duct

The results for the circular duct are closely similar

to those for the parallel plate channel, the most promi-
nent difference being that the Nusselt numbers for the
circular duct are higher than those for the parallel
plate channel. This arises because of the additional
weighting factor r involved in averages for the case of
circular geometry.

The expressions given by Egs. (65) and (82), for the
weak continuous variation and isoflux and isothermal
boundaries respectively, are qualitatively similar to the
corresponding expressions, namely (25) and (45), for
the parallel plate channel.

For the stepwise variation situation the relevant
results are presented by Figs. 6 and 7 for the isoflux
boundaries, and Figs. 8 and 9 for the isotemperature
boundaries. We see that the trends shown earlier, in
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Fig. 9. Temperature profiles for the circular duct with isotemperature boundaries: (a) effect of permeability variation; (b) effect of

thermal conductivity variation.

Figs. 2-5 for the parallel plate channel, are repeated
here. In fact, the corresponding pairs of Nusselt num-
ber plots (compare Fig. 6 with Fig. 2 and Fig. 8 with
Fig. 4) are very similar. For the corresponding pairs of
temperature profiles (compare Fig. 7 with Fig. 3 and
Fig. 9 with Fig. 5) the way in which the temperature
profile changes with conductivity variation is again
remarkably similar, but a change shows up in the case
of permeability variation. Note that in each of Figs.
7(a) and 9(a) two curves intersect each other, but in
ecach of Figs. 3(a) and 5(a) there is no intersection.
This subtlety involves the interaction of the effects of
additional weighting factor and the variation of tem-
perature profile curvature.
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Note added in proof- We are indebted to Dr J.L.
Lage of Southern Methodist University for pointing
out to us that we should justify the dropping of a term
(dk/dy) 8T */dy* while retaining k82T */3y*?> in Eq.
(15). The term dropped is identically zero for the step-
wise constant case, and is small in comparison with the
one retained in the continuous weak variation case.
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